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Chapter 1

Introduction to Calculus

1.1 Constant velocity

We begin with the fundamental problems that calculus was designed to solve.
Suppose we make a journey in a car and observe the speedometer reading v for
velocity and the odometer reading f for distance from the start. The question
is: if we only have one of these readings can we recover the other? Finding the
velocity from a record of the distance (from the start) at each time instant is
the process of differentiation - the central idea of differential calculus. Finding
the distance (from the start) from a record of the velocity is the process of
integration - the central idea of integral calculus.

Suppose the velocity is fixed at v = 60 (km per hour). Then f increases
at this constant rate. After two hours, f = 120 (km); after four hours, f =
240 (km); after ¢ hours, f = 60t (km). We say that f increases linearly with
time since the graph of f against t is a straight line. Notice that since both the
velocity and the distance depend on the time we can say that they are “functions
of time” and write v(t) and f(t) for their values at a time .

In this example the distance started at 0. If the distance had started at 20,
say, then we would obtain the same graph raised by 20 units (km) throughout.
Another alternative would be to drive the car backwards at say 30 (km per
hour), that is, take v = —30. Then the distance would be negative. Note
that in this case we have to assume the odometer runs backwards, because f
represents distance from the starting point or origin, or more precisely, position.

It is clear that geometrically the velocity is the slope of the distance graph

change in distance _ vt

slope = — =
P change in time t

Apparently, the opposite of slope is area so that the distance is the area
under the velocity graph. This is not so obvious, but another example helps. If
we go forward at constant velocity V' and then backwards for the same length of
time at velocity —V, then our final destination is at distance 0 from the start.



The total area between the graph of V' and the t-axis is 2V + (—=2V) = 0 (the
idea of negative area will become more clear later).

1.2 Instantaneous change of velocity

In this example the function V (t) is defined as

V if0<t<?2
V() = ? ift=2
-V if2<t<4

Of course this is not very realistic, because a vehicle cannot suddenly start
up at V miles per hour, nor suddenly change from going forwards at V to
backwards at V. The first problem is easily resolved - we can imagine the car
travelling at V' past a fixed reference point at which we start the clock at ¢ = 0.
However, the second is not as easy - here the value of V' at ¢ = 2 is undefined
and its graph has a discontinuity. The graph of f is piecewise linear with the
formula

Vi 0<t<?2
f(t)z{ ViAa—-1) 2<t<4

Notice that these two formulae coincide for t =2 : f(2) =V (2) =V (4 —2),
so that f is “continuous”. However, there is no slope at the sharp point of the
graph, and this corresponds to the discontinuity in the velocity function.

1.3 Continuous change of velocity

Now suppose the velocity changes over time - the car accelerates or decelerates.
For example, suppose that V(¢t) = 2¢. If we measure ¢ in seconds and V' in
metres per second, the distance is then in metres. After 10s the velocity is
20m/s and after 15s the velocity is 30m/s. Clearly the car is covering more
ground in each successive second (in fact the acceleration is 2m/s per second,
or 2m/s?); but the question is how far it has gone.

We answer this in a roundabout way by considering the distance function
f() = t. The graph of this function is a parabola. At t = 5 the distance is
25 and at t = 10 the distance is 100. The average velocity over the first 10s is
19 = 10m/s. The average velocity over the first 11s is 22t = 11m/s.

But what is the velocity at ¢ = 10?7 The average velocity in the second
between ¢t = 10 and t = 11 is f(1i)1:10f(1) = 1212100 — 91, Clearly, the av-
erage velocity over an interval between two time instants ¢ = ¢; and t = ¢,

is % In different notation, the average velocity between time ¢ and

t+ his w We can then compute the average velocity over the half
second from ¢ = 10 to ¢t = 10.5 as f(lO.E;)).gf(lo) = 102010 = 20.5. The
way to find the instantaneous velocity at ¢ = 10 is to keep reducing the time




interval. In general the average velocity between ¢ = 10 and ¢ = 10 + h is
F(10+h)—F(10) _ (10+h)2-10% _ 100+20h+h2 100 _ (20+h)h _
i = 4 T = 20 + h. This fits

with the earlier calculations. If we reduce h to 10000003 then the average is
20 + 1000000 m/s. The conclusion is that the velocity at ¢ = 10 is 20. Notice
that this is the same value as that on the V' curve V(10) = 20.

Now for any t we can compute the velocity at t from Vgyerage = w =
(t+h)2—t2 _ t2+2th+h2—t2 — 2 + h.

If we take smaller and smaller intervals h, this approaches the value 2t,
and thus we see that the function V' = 2t represents the velocity when f = t2
represents the distance. This is the essential idea of differentiation.

The other direction is given by the Fundamental Theorem of Calculus which
says that if V' = 2t represents the velocity then the area under the curve gives
the distance. It is obvious that this area is the area of a triangle with base ¢
and height 2t so its area is 1(¢)(2t) = t>. Thus f(¢) = > when V (t) = 2¢. This
is the essential idea of integration.

From what we have seen the process of differentiation determines the slope
of the tangent to the curve f(t). Thus the slope of f(t) is given by V (t).

1.4 Examples
Example: if f(t) = D then

D-D 0
! = 1 = _— = 1 =
£t Aliglo At Ali—m At Ail—rioo 0

Example: Constant velocity V: the distance if f(¢t) = Vt. The derivative is

df_, f(t+At)—f(t)_V(t+At)—Vt_
= A Al = At =V

Example: Constant velocity V' until ¢t = 2 and —V thereafter. Up to time
t = 2 we still have f(t) = V(¢), but then, if we find the velocity at ¢ = 2 by
taking intervals before t = 2 we get slope V while after ¢ = 2 we get slope —V.
These are incompatible so we say the derivative at ¢ = 2 does not exist or is
undefined.

Example: The demand function is r(p) = %. High price means low demand.
We want to know: if we increase the price, how quickly does the demand fall?

() =

1 1
A — —_ — =
dr _ lim r(p+Ap) —r(p) — lim PFAP_p
dp Ap—0 Ap Ap—so  Ap
—Ap
p(p+Ap) : —1 _ 1

im ————— = —
Ap>0  Ap  Ap—op(p+ Ap) p?

Thus demand falls as the inverse square of the price.



Chapter 2

Derivatives

For an arbitrary function f(t) we define the derivative f'(t) by

iy — i L+ AL — f(?)
)= fim, HEESGE

Here we have replaced V' by f/(t) because our function f might not be
distance and therefore its derivative will not be velocity. Also, we have replaced
h with At which can be regarded as the change in t. To make things symmetrical
we also represent the change in f by Af = f(t + At) — f(t). The limit of %{
as At approaches 0 is the derivative, if this limit exists:

i . Af
3 AmOAr

It is important to realise that the limiting process is not just setting At = 0.
This would be meaningless. We must have At and Af approaching zero to-
gether. Moreover, we can compute the slope of f at time ¢ by using a sequence
of intervals before t. It should turn out that we get the same result, but some-
times this does ot happen and in those cases the derivative does not exist, i.e.
the limit

lim
At—0
is not defined.

Generally speaking when we want to consider functions in the abstract i.e.
divorced from any particular application we use z, y for the independent and
dependent variables respectively. Often ¢ is used as an independent variable and
letters f, g, h, u, v, y are used for functions. The derivative of a function is its
rate of change with respect to the corresponding independent variable.

Here is an early example but a nice one. Suppose we have a function u(z)
so its derivative is 9%. Now consider the function f(z) = (u(z))?. What is the

dz
derivative of f(x)? Well, proceed routinely to compute

Af = (u(z + Ax))? — (u(2))? = [u(z + Az) + u(2)][u(z + Az) — u(2)]



using the difference of two squares. Now

Af
Az

u(z + Az) — u(x)

= [u(e + Av) +u(2)] N

and this approaches 2u(x )Z“ as Az approaches 0.

Thus, if u = 22, we see that the derivative of f(z) = z* 1s 2( 2)(2z) = 4x3;
if u=1 then the derlvatlveoff( )=His2(L) (-%) =
What we need now is a longer list of functions and derlvatlves

2.1 Examples

Example: Let f(z) = 523. Then

Af _ 5(z +h)* - 52° _s (x + h)® -
N h h

3
ad ] = 5(322) = 1522

so f'(x) = 1522
Example: Let u(z) = 2* + 2. Then

Au _ [(z+ Az)? + (z + Az)3] — [2? + 2°]

Az Az
= ($+AA322_$2 + (x+A§I—x3 = 2z + 327

Example: Let f(z) = +/x. Then

, . Vrt+Az -z T+ Az —2
f'(z) = lim lim
Az—0 Az Az—>0 A:];(\/.:E—i-—A.CE + \/_

1 1 1
= 1 = = —
rSo Vot Az vz 2V/E 2
Recall that the binomial theorem gives the expansion (z + h)" = z" +
nx™ 'h 4+ ... + A" and every term after nz™ 'h is divisible by h? provided
n > 3.
For example, with n = 3 we have x + h)® = 2% + 3z2h + 3zh? + h3.
Thus, if f(z) = 2™ then
Af _ (fla+h)—f(x) _(z+h)" -

Az h B h
nz" 1h+...+n"

= - =nz" ' +h(..)

Af df

m — = — =nx
Az—0 Az dx

SO



. Here we have used the letter x as an alternative to Az because it makes the
computation easier to follow.
Thus % = nz™ ! when f(z) = z™ for n > 3. But this also fits the cases

n=1,2 since if f(z) =z then L =1 and if f =22, L = 2z.

It is actually true that this rule extends to all powers of x so that f(x) = z”
has derivative f'(x) = ra"~!. Thus, as we saw earlier, the derivative of z7! is
—2~% and of 272 is —22~3. Similarly, the derivative of \/(z) = % is 1277 as
we shall see later.

Now suppose we consider multiplying the function f(z) by a constant c.
Then writing g(z) = cf(z) we get:

Ag _ cf(z+Az) —cf(z) f((z + Az) — f(2)

Az Ax ¢ Az

and this approaches c%. Thus ¢'(z) = cf'(z).
Also, consider adding two functions f, g to get u(z) = f(z) + g(z). Then

Au _ (f(z+Az) +g(z + Az) — (f(2) + 9(2))

Az Az

fl@+Az) - f(x) | g(z + Az) — g(x)
Azx Az

which approaches % + g—g. Thus v'(z) = f'(z) + ¢'(z).
In particular, if u(z) is a polynomial function u(x) = uo + w1z +u22®+...+
unx™ then u'(z) = uy + 2usx + ... + nuz™ L.
The pdrocess opposite to differentation involves solving a differential equation
y

such as 32 = 3z2. Here the derivative is known but the function y is not.

We know that if y = 22 then g—g = 32, but we must be careful because if
dy _

y = 2 = C for any constant C then also o= 3z2. But notice that many

differential equations have the same solution: e.g. g—z = 3??’, j—z = 3y§.

Example: y = 2* — 22 + 3. At £ = 1 we have y = 3. The slope in general is
g—z = 4z% — 22 so at x = 1 the slope is 2. Thus f’(1) = 2. Thus the tangent at
(1,3)is y —3 =2(z — 1). The normal at (1,3) isy —3 = —1(z — 1).

Example: You are on a roller-coaster whose track follows y = 22 + 4. You
see a friend at (0,0) and want to get there quickly. Where do you step off? Here
f(z) = 2% +4, f'(z) = 2z.

The tangent at x = a is y — (a® +4) = 2a(z — a) and if this passes through
(0,0) then —(a® + 4) = 2a(—a) which gives a = +2. Step off at (2,8).

Example: Suppose you are driving up to a set of traffic lights and you know
that it is less costly in fuel consumption to slow down and accelerate than to
stop and start again. Your distance from the lights is 72m and a waiting car,
which you cannot pass, will accelerate at 3m/s> (i.e. with V = 3t. The lights
will change in 4s. Calculate the speed V' at which you should travel so that you
just catch the car ahead.

equal distances gives T = 1V + 4.

equal distances gives 3(T —4)> +72=VT.




3GV +4-4)2+72=V(3V +4)

V2424V —432=0

(V-12)(V+36)=0s0V =12m/s and T = 8s.

Q: what speed should you adopt if there is no waiting car?

Example: in most epidemics the rate of growth of the number N of cases is
proportional to the number of cases so % = kN for some constant k. Later we
will see that this gives N = e** so the growth is ezxponential. However, there is
always a limiting factor e.g. the epidemic may cause deaths and thus a limit to
the population, or people who have recovered from the disease may no longer
be susceptible, so the growth rate is not unbounded. However, for the AIDS
epidemic in the US the number of cases to 1989 obeyed the following equation to
within 2% : N = 174.6(t — 1981.2)3 + 340 so we have approximately % = %
In the years after 1989 the dependence of N on t dropped to quadratic from

cubic.

2.2 Slope and the tangent line

In general for the function y = f(z) the tangent at x = a is given by y — f(a) =
f(a)(z —a).

2.3 The normal line

In general for the function y = f(z) the normal (perpendicular) at z = a is
given by y — f(a) = —ﬁ(x —a).

2.4 The secant line

This is the line passing through the points (¢, f (%)), (t+ At, f(t+ At)). Its slope
is %ﬁfﬂﬂ so its equation is y — f(t) = <f(t$3;f(t)) (z — a). Clearly, the

secant line approaches the tangent line as At approaches zero.
23 _ 301-a) _
a—1 = a(a—1) —

Example: Let y = 2 and find the secant at (1,3). Slope is
—3 (since a # 1). Thus secant is y —3 = —3(z — 1).

a

2.5 Answers to Exercises 1
L —22y—6=3@-2;y—6=3(z—-2);y-6=—-3(z—2)
2. y—2=3@-1);y-2—-3(—-1);9y-2=(h+3)(z—1)

.y+1=3x—-1);y=3z—14
4. y = 6z; no.
5. y=u; (3,3)



© »® N o

10.
11.
12.
13.
14.
15.
16.
17.
18.

19.
20.
21.
22.
23.
24.

25.

26.

g;:y2=>1:2y%...y—2:%(w—4)

y—a=(c+a)(xr—a);y—a=2a(zx—a)

eg y=22°—922+ 182+ 6 from ¥ = (z —1)(z—2) + ;3 = +1

y=32"+2y—7=—3(x—5)

ety Ay ==
y=lLz=3%

f'(b)

y—z=—z@—a)sy=212=2s2
parallel; false unless tangents are horizontal.

c = 4; tangent at x = 2
c=5+2V7

(_37 19)5 (%7 %)

e.g. slopes equal at z; = 2, but then on line y = 2 whereas on curve

y=7

c=4,y=3—z,tangent at z =1
b=-3,c=2,d=1

(1+h)% 3h+3h? + A% 3+3h+h% 3

can’t succeed with a quadratic; y = 2 — 522 works.

parallel; the same.

- — 1.1, 2 __ 1
(use 23) normalis both y = —5-2+5+a’~1land y = — =52+ 15, +c—c

so compare coefficients.

y = 2az — a* Q = (0,—a?); distance a® + §; angle of incidence equals

angle of reflection.

V2 (the tangent has slope -1)

10



Chapter 3

Review of trigonometry

cost = %, sinf = ¥, tanf = £

T r?
secd =L, csc =L, coth) = &

z’ y’ Yy

Note also tanf = %
Angle 8 is measured in radians, 360° = 27 radians. cos26 + sin?0 =1
sin(0 + 2m) = sind

cos(0 + 27) = cosb

sin(—0) = —sinf # sind

cos(—0) = cosf # —cosb
costl = £ = x = rcosf

sinf = Ly = rsind

distance around the circle is 27 — 27 radians

distance halfway around is 7r — 7 radians

distance quarter way around is %m’ — % radians

length of arc corresponding to € radians is r6.
d= /(22 —21)> + (y2 — 11)?

d? = (coss — cost)? + (sins — sint)?

= (cos(s —t) — 1)2 + (sin(s — t))?

Hence cos(s — t) = coss.cost + sins.sint

and cos(s + t) = coss.cost — sins.sint

cos2t = cos’t — sin’t

= 2cos’t — 1 =1 — 2sin’t

Replacing s by 5 — s we get

cos(§ — s —t) = cos(§ — s)cost + sin(§ — s)sint

=cos(§ — (s +1))

0 sin(s +t) = sins.cost + coss.sint

Hence sin(s —t) = sins.cost — coss.sint

— sin2t = 2sint.cost

[d? = cos®s — 2cos.cost + cos®t + sin®s — 2sins.sint + sin®t = cos®(s — t) — 2cos(s —t) + 1 + sin?(s — t)Henc
Example: In the distance-velocity application the velocity is the rate of

change of distance. The second derivative is the rate of change of the velocity

11



which is the acceleration.
Example: If f(x) = sin(x) then f"(x) = —sin(z) and if f(x) = cos(x)

then f"(x) = —cos(x). Thus sin(x) and cos(x) are solutions of the differential
2
equaion ZTZ = —y.

12



Chapter 4

Derivatives of trigonometric
functions

e d
Let y = sinz. Then 3%

sin(z + h) — sin(z) sin(z)cos(h) + cos(z)sin(h) — sin(z)

= h = h
) -1 ) -1
— lim sin(x)(cos(h) — 1) + cos(x)sin(h) _ sin(z) lim cos(h) tcos(z) lim
h—0 h h h—0 h h—0

We now proceed to show that

i cos(h) — 1 _

h—0 h 0

and o
i ) _ 4
h—0 h
The line P@ has length 2sin(h) and the arc PQ has length 2h. Thus
sin(h) < h. The triangle OTR has area itan(h) and the sector OSR has
area #-.m = 1h. Thus h < tan(h). We conclude that cos(h) < % < 1 and
hence that o (h
lim ) _
h—0 h
Next we observe that (1 —cos(h))(1+cos(h)) = 1 —cos?(h) = sin?(h) < h2.
Noting that everything is positive (taking h > 0) we can divide through by h(1+
cos(h)) to get 0 < l_c;’f(h) < 1+Cgs(h) and thus

1_
lim cos(h)

h—0 h =0

13




. For cos(h) — 1 or for negative h the inequalities change but the limit is still 0.
We conclude that Z—g = cos(z) (for y = sin(x)). Now for y = cos(zx), a

similar argument gives

dy . cos(z + h) —1

_ _ . cos(h)y—1 . . sin(h)
& A = cos() Jim = —sin(a) Jim —

= —sin(x)

We now introduce the second derivative, or derivative of the derivative:- if
d> d
y = f(2), then f"(z) = ¥ = L ().

4.1 Examples

Lou=2%0v=2% uw = 2%so &(uw) = 52*. Now uZl + vt = 2325 +

dz
z2/3z% = 5zt.
2. If f(z) = z.sin(x) then & = z.cos(z) + sin(z).

3. If f(x) = sin?(x) then we can take u = v = sin(z) and get f'(z) =
sin(z)cos(x) + sin(z)cos(z) = 2sin(z)cos(x). Similarly, - (cos?(z)) =
—2cos(z)sin(z) (so that - (sin?(z) + cos?(z)) = 0 as we would expect).

4 F(sec@)) = & (i = —wabm (-9in(@)) = 536 = sec(@)tan(s)
L (cse(z)) = %(sinl(w) = —m(cos(w)) = —% = —csc(z)cot(z)
5 i_z _ m3(5m4);5w5(3w2) — 5z7;53z7 = 27 (as expected!)
6. %(tan(m)) — % (zzrsugg) _ cos(z)cos(zi;ssi(nz()z)(*sin(z)) — cos%(z) — 8602(1')
%(cot(x)) = % (W) = —m.se@(x) = —Smé(w) = —csc?(x)
7 _ sin(z)+cos(x) . dy _ (sin(z)—cos(x))(cos(x)—sin(x))—(sin(x)+cos(x))(cos(z)+sin(z))
-y = sin(z)—cos(z) ° dz — (sin(z)—cos(z))?
—2cos>(z)

= " = (sin(z)—cos(z))2 "

14



Chapter 5

Rules for differentiation (1)

We have already seem the sum rule £ (u(z) + v(z)) = % + 2 and the mul-

tiplication by a constant rule < (cu(z)) = 9%, for any constant c. These are
usually combined into a linearity rule (for the derivative of a linear combination
of functions):

du dv

%(au(x) + bu(z)) = as + b%

The next usefule rule is for a product of two functions. If f(z) = u(z)v(z) then

u(z + h)v(z + h) — u(z)v(z)

1 T
(@) = Jim h
— lim u(z + h))v(z + h) —v(z)) +v(x)(u(z + h) —u(zx))
T hs0 h
o v(z + h) —v(z) u(z + h) — u(x)
= }g}) u(z + h) A + v(z) A
dv
= u(x)% + v(z)dudx
Thus we have -L(uv) = % 4 pd¥.
Now consider a reciprocal function (5. Since v(3) = 1, we know that the
derivative of v(1) = 0. Thus v-L(1 + 142 = ( and hence -L(1)=—-Ld,

This allows us to formulate the more general quotient rule for a function

du _, dv
Me): we have (%) = £(tu) = L —u(Ld = v

5.1 Examples
1. y = 2% — 22 goes from negative slope to zero slope to positive slope. Note

that this behaviour is also followed by y = 22 —2z+1 and y = 2% — 2z + 5.
Positive slope does not mean “positive function”.

15



2. In the diagram on the right the slope is +0 — 0+ 0 — 0+4. From the graph
we see that f'(z) = u(z)(xz — 1)(z — 2)(z — 3)(z — 4).

3. Suppose (for simplicity) that I can enter a straight motorway at any point.
If ordinary driving speed is 30mph and motorway driving speed is 60mph
where should I enter in order to minimise my journey time?

e aTraZ (b=
Problem: minimise Y%tz* 4 % = f(z). Here f'(z) = 355(a® +

2?)73(22) — & = (233(_2—1_ V“z);r)wf Squaring both sides this gives 422 =
a‘+x4)2

2 2 2 _ 2 _ a
a® + z%and3x® = a*. Thus ¢ = :i:—sqrw.
a

sense, so only a = = is valid. In fact, f'(z) # 0 when z = —\/ig! Then

Clearly, z = —% doesn’t make

a \ _ (V3ab
f(ﬁ)_ ¢ 60 )'

Also, f(0) = & + & and f(b) = Y2 Clearly, ¢ < 2.
So, Yiatb <« Yol iff b > o (i.e.if f(a— V/3b)2 = 0).

So optimal x is the smaller of \/ig and b.

We may also consider this from another point of view. If 8 is the angle then
the distance to the motorway is asecf and the distance on the motorway
is b — atanf. Thus, the time is g(f) = 25 4 b=tlanf  Now g'(9) =
3 secttant — %86026. Setting this equal to 0 and simplifying we get
sind = % So to minimise the journey time we need to set 8 = 30°.

NB: we did not check that the value of z or 8 giving f'(z) =0or ¢'(§) =0
corresponded to a minimum value of f(z) or g(z).

16



Chapter 6

Applications of the
derivative

Consider the function f(z) on the interval [a, b]. We say f(z) is increasing if for
any a < 1 < 23 < b we have f(z1) < f(z2) and decreasing is defined similarly.
We have if % > 0 then f(x) is increasing, if gf—w < 0 then f(x) is decreasing.

Suppose thaqt f(x) has a maximum value in the internal [a,b]. This must
occur either at an endpoint or at a “corner” or at a stationary point where
% = 0. These are the three types of critical point (A “corner” is roughly
speaking a point where % does not exist).

Considering values of x close to a stationary point we see that at a local
mazimum point the derivative goes from + 0 - so the function is increasing and
then decreasing. Similarly, at a local minimum point the derivative goes - 0 +.

6.1 Examples

Find stationary points, corners, and endpoints and decide whether each point
is a local or absolute maximum or minimum.

L fz)=2+2,1<z<4. f'(z) =2z — Z. f'(z) =0 where 2z = % ie.
x® = 1. This is true at z = 1 and y division 3 — 1 = (z — 1)(2%2 — z + 1).
Now the quadratic factor has b> — 4ac = 1 — 4 = —3 so no real roots.
Thus x = 1 is the only real value giving a stationary point and we have
f(1) =1+2- =3. f(0.9) =~ 3.03, f(1.1) ~ 3.03 hence this is a local
minimum. Now f(4) = 16.5. Thus (1,3) is an absolute minimum and
(4,16.5) is an absolute maximum.

2. fla)=(z—2)?2, -1<z <1 f(z) =22 -223+2*. f'(z) =22 — 622 +
47 = 2z(1 — 3z 4+ 22?) = 2z(1 — 22)(1 — ). f'(z) =0atz =0, z = ,
x = 1. Values on either side of z = 0 are positive so that gives a local
minimum. f(0.5) = 0.625. f(0.4) = £(0.6) = 0.24> ~ 0.06 so x = 0.5
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gives a local maximum. f(1) = 0. f(0.9) = 0.0081, f(1.1) = 0.0121 so
z = 1 gives a local minimum. f(—1) =4 so ¢ = —1 gives the absolute
maximum.

3. An airline will carry a box if length + width + height = [+ w + h <
158cm. If h is fixed then w = 158 — h — 1 so V = [(158 — h — [)h. Now
V. — 158h—h?—2hi so & =0 at | = 158=h . Then V,,, = (L88=1)"h =
6241h — 79 + 13, Thus 2 = 6241 — 158h+ 2h% = 3(h— 158)(h — 138).
Thus V is maximised by A = 158 and then h = w = [ and the box is a

3
cube.

6.2 More Examples

1. Suppose that four corners are cut from a square of cardboard of side 12c¢m
and the sides folded up to make an open box. What is the maxiimum
volume of the box?

V = (12 — 2z)2%z = 144z — 48z?% + 423

V=0atz=0and z =6.

4V =144 — 96z + 122°. 2~ = 0 where 2° — 8z + 12 = 0.
(z—2)(z—6)=0

z=2o0rx=6.

Clearly, the value z = 6 is not correct. Now one way to decide whether
x=2 represents the maximum value is to observe that 4¥ = 12(z—2)(z—6)
and 2¥(1.9) > 0 while 4¥(2.1) < 0.

2. A fixed wall makes one side of a rectangle and we have 200m of fence for
the other three sides. What is the maximum area that can be enclosed?

A =(200 — 2z)z

= 200z — 222

% =200 — 4z

% =0 at z = 50m.

Since A(0) = A(100) = 0 and % = 4(50 — z) is positive for z < 50 and
negative for z > 50 we conclude that = 50 gives the maximum value
A = 500.

3. A piece of wire 4m long is cut into two pieces, one of which forms a circle
and the other a rectangle. Find the dimensions for min/max area.

Length of circle is 2ar = 4 — 42 so r = 2;2‘” and total area is A =
aritz? =1 (%)2%102 =(2+1)2*-82+2 Hence 44 =2(2+1)z-8
SO % =0atzx = %%F. Since the slope of % is positive its value is

negative to the left of 4_% and positive to the right, and hence % =0

gives the minimum area. Note that radius for minimum area is r = 4+L7r
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and Ain = ﬁmz (). Also, this means that the maximum value of the
area must be at an endpoint. Noting that 0 < z < 1 we have A(0) = %,
A(1) =1 so the maximum area occurs where all the wire is used to make

the circle.

6.3 Still more examples

1.

Suppose f(x) = sin(z) and g(x) = z2. Then (f o g)(z) = sin(x?) and
(g0 f)(@) = (sin(z))* = sin*(z).

If f(z) = 2® and g(z) = 2* then (g o f)(z) = (f o g)(z) = z'2. But note
that f(z)g(z) = 2"

If f(x) = z and g(z) = = then fog)(z) = (go f)(x) = z. This is the
identity function.
If f(z) = % — 1, g(2) = v/ then (fog)(x) =z — 1, (go f)(z) = Va7 — 1.

If f(x) =245, g(x) =2 — 5 then fog)(x) =z = (go f)(x). Thus the
functions f and g are inverse functions.

6.4 Even more examples

1.

L (sin(xz?)) = (cos(2?))(2z) = 2zcos(z?) LL(sin’z) = (2sinz)(cosz =

2sinrcosx

L ((2%)*) = 4(23)*(32?) = 1221 L ((2*)®) = 3(2*)?(42°) = 122'1

8

LWFE=T) = §@ - 1)) =

1|

4 (23 +1)%) = 5(«% + 1)1.30% = 1522
L((1—2)?) =201 —2)(-1) = —2(1 —x)
d

P

(sinv/T — 22) = (cosv/T — 22)(5(1 — &%)~ 3)(—2z) = eosyi=z?

3 +1)%

—~

™)

4 (sinz?) = L (2xcosx?) = 2cosx® — 432 — Ax?sinz?
dz dx
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Chapter 7

Composite functions and
the chain rule

If we think of a function as a black box into which we put a value of z and out
of which we obtain a value of y, then it is easy to see that this process can be
repeated to form a composite function.

Here we have y = f(z) and z = g(y) = g(f(z)). The composite function
that takes as input the value of z and gives the output z is denoted by g o f
(read ”g after {’) and we write z = (go f)(z). To differentiate z = (go f)(z) we
need to consider a value of x of the form z + dx. This produces a change in y to
y + dy and a consequent change in 2z to z+ dz. We want to find limg, ¢ g—; and

the key is to write g—; = g—;.g—g. Now, as dz tends to zero, g—g approaches % and

consequently dy must also be approaching 0 and then g—; approaches 3_17}‘ Thus
we have
0z . oz .. dy

lim — = lim — lim
5z—0 0% dy—0 (5y 52—0 0%

dz _ dz d
or 7 = d_z'ﬁ
or g'(z(z)) f' (2).

The chain of functions may be extended to more than two - the essential
point is to differentiate from the outside (last function) in (first function)! Often
other letters are used e.g. y = sinu(t) has derivate % = (cosu(t))u'(t).
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Chapter 8

Derivative tests

8.1 The first derivative test

We saw how it is possible to distinguish between local maxima and local minima
by considering values on either side of the stationary point. We can also do this
by considering the sign of the tangent on either side since for a local maximum
the tangent changes sign from positive to negative and for a local minimum the
tangent changes sign from negative to positive.

Ezample: y = sin(z) at * = 7. Z—Z = cos(z) goes from > 0 to < 0 as x
increases.

Recall: an increasing function is indicated by a positive derivative; a de-
creasing function is indicated by a negative slope.

8.1.1 Examples

1. f(z) = 2% — 6z, f'(x) =22 -6, f'(z) =0atz =3, f'(x) =2 > 0s0
z = 3 gives a local minimum (as expected).

2. f(z) = 2 — 622, f'(z) = 322 — 12z, f'(z) =0 at z = 0,2 =4, f"(z) =
6x — 12, f"(0) = =12 < 0, f"(4) = 12 > 0 so at z = 0 we have a local
maximum, at £ = 4 we have a local minimum.

3. f(z) = sin(z) — cos(x), 0 < z < 27, f(x) = cos(z) + sin(x), f'(z) =
—sin(x) + cos(z). f'(x) = 0 at values of x where cos(x) = —sin(z) or
tan(z) = —1so at z = 3wandir. f"(37) = —1/2 gives a maximum value,
f"(%m) = V2 gives a minimum.

4. f(x) =z + 22— 2%, fl(x) =1+22— 322 = (1 + 3z)(1 —2), f'(z) =0
at = —%,1. f"(z) = 2— 6z, f"(—5) > 0 so this is a local minimum;
f"(1) < 0 so this is a local maximum. Hence there is an infection at
f"(z) = 0 where z =

W= o
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5. f(x) = (x — 2)%(x — 4)%, f'(z) = 4(z — 2)(x — 4)(z — 3) = 4(a® — 922 +
28z — 4), f"(z) = 4(32? — 18z +28). f'(z) =0 at z =2,3,4. f"(2) >0
local minimum, f”(3) < 0 local maximum, f”(4) > 0 local minimum.
Inflections at f"(z) =0,z =3+ \/Tg

8.2 The second derivative test

It follows that at a local maximum point the second derivative is negative and
at a local minimum point the second derivative is positive.

Points at which the curve y changes from concave up to concave down or
from concave down to concave up are called inflection points. At such points
the second derivative goes from negative to positive or positive to negative, or
in other words, crosses the axis, i.e. has value 0.

However f” can also be zero at local maximum and local minmum points so
when we obtain f” = 0 we must check further using the derivative or values of
the function or a sketch of the function.

8.2.1 Examples

1. If the position z of a body on a line at time t is given by x = +/3t2 + ﬁnd

the velocity and speed, and the acceleration at ¢t = 2sec. Here V = dt =

2 -3 _ d*z _ _ 12 _ 12
HO 7RG = Sl and o = G = = i =
Thus V(2) = A= =3, a(2) = 1 > =5 =3, speed = |3| = 2.

2. A ball is thrown straight up in the air from a height of 2m, with an initial
velocity of 19.6m/sec at t = 0. Find (a) the height y above the earth’s
surface, as a function of ¢; (b) the velocity at time ¢; (c) the maximum
height the ball reaches; (d) the time elapsed until the ball hits the ground.
Here y = 2 + 196t—49t2 and dy =V = 19.6 — 9.8¢t. At the instant
of maximum height the ball stops so its velocity is zero. This occures
where 19.6 — 9.8t = 0 i.e. at t = 2sec. The maximum height is therefore
y =2+ (19.6)(2) — (4.9)(2)? = 21.6m. Finally, the ball reaches the ground
when 2+19.6t —4.9t2 = 0 i.e. where t = —0.1sec or 4.1sec. Excluding the
negative root (which corresponds to the extrapolation backwards in time
of the flight of the ball to the point where it wouldhave left the ground)
we have t = 4.1sec.

8.2.2 Examples

1. Suppose y + 2y = 3. Using the chain rule and the product rule we obtain

sytd dy +$d$ +y=0. Thus (5y* +2) 222 —y or gg = 5y4+m Thus we can

find the value of g—g for any point (z,y) where 5y* +z # 0. For example

(2,1) lies on the curve and g—g|(2,1) =-1
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2. Suppose sin(z) + sin(y) = 1. Then cosz + cosyg—g =0 and g_g = —§Z§§Z§
where cos(y) # 0.

3. Suppose ysiny = x. Then ycosyg—g + sinyg—g =1 and we can solve for g—g
if necessary.

4. Find the tangent direction to the circle 22 + y? = 25 at the point (3,4).
Here 2z + 2?!% =0 so Z_g = —g and %'(3,4) = —%_

23



Chapter 9

Application of the second
derivative: acceleration

If s is the distance from the origin of an objhect then its velocity is the rate of
change of s, or %, and the rate at which the velocity changes is the acceleration

given by %. We use the term speed for the magnitude of the velocity (i.e.
ignoring the direction) so speed is |v|.

If an object is moving vertically near the earth’s surface influenced only by
gravity (and ignoring air resistance) it can be shown that its height y is given
by an equation of the form y = yo + vot — % gt? where yq, vy, g are constants.
When t = 0, we see that y = y¢ so yg is the initial height at time ¢ = 0. Also,

v = g—z = vg — gt so v(0) = vy and hence vg is the initial velocity. Finally,
a= % = —g so —g is the acceleration due to gravity, which is approximately
9.8m/sec?.
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Chapter 10

Implicit differentiation and
related rates

When z and y are relation by an equation of the form y = f(z) we can differen-
tiate to find %' However, in some situations we cannot express y as a function
of = explicitly; instead y is related implicitly to by an equation of the form
g(z,y) = 0. We then use the techniques of implicit differentiation to find g—g
Often we have informgation on one rate of change and need to find a different
rate of change. This is achieved by usin the chain rule. The essential idea is to
obtain an equation relating the variables whose rates are known or required.

10.1 Examples

1. Sides of rectangle grow so that % = 1 and ‘;—f = 3%. What is the
value of % at the instant when z = 4, y = 3. Here 2% + y? = 22 so
2z 4 2y iy _ = 2z% and hence 222 + 2y % = 22 which on substituting

3Yar =
3:—4 y—3g1ves d—z—"??

2. Wen y = 50 find (a) the rate of change of z; (b) the rate of change of area;
(c) the rate of change of 8. First note that z = 50v/5 at y = 50
(a) 2% = y* + 100 so 22927772y %, Thus at (50,50V5), & = 250 =
3‘fm/s

(b) A= 1(100)y = 50y so 44 = 150m2/s.

_ Yy ae _ zdi -y : _ _100
(c) sinf = ¥ so cosf% = 2 and since cosf|y=50 = 505 Ve can

a9 _ 3
solve %7 = p5zrad/s.

3. A person 2m tall walks directly away from a streetlight that is 8m above
the ground. If the person’s shadow is lengthening at a rate of %m /s, at
what rate in m/s is the person walking?
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. ds _ 4 dz .. . z _ s

We are given _dfi =3 gmd vzant to find %7. By similar triangles § = 3
i T s _ &

r = 3s. Hence %7 = 3% = 3m/s.

S

10.2 Examples of max/min problems

1. Find two numbers whose sum is 6 and whose product is as large as possible.
Let z, y be the numbers so ¢ + y = 6 and we want to maximise P = zy.
We havey = 6—z so P = 2(6—) and 4£ = 6 — 2z is zero at « = 3. There
is no minimum value so z = y = 3 and P = 9. Note the correspondence
with the pro blem of finding a rectangle of given perimeter and maximum
area.

2. Find the point on the line z + 3y = 6 closest to (—3,1).

s =+/(z +3)? + (y — 1)? is maximum where s? is maximum. Using z =
6—37 we get 5> = (9—3y)? + (y—1)? = 2= =2(9—3y)(-3) +2(y—1) =

20y — 56 is zero at y = %, T = —%. The problem has a solution, so the
point is (—32, ).

3. A manufacturer makes cylindrical cans for packaging food. Find the ratio
of height to radius to minimise the amount of material used, assuming the
same material is used for the ends and the curved surface.

Here S = 2nr? + 2mrh, V = nr?h and h = %2‘
Hence S = 2rr? + 27r(2%) = 2(mr? 4+ 1),
Thus 42 = 2(27r — %) is zero where 2nr = % or r® = ;L. The problem

clearly has a solution so this is it. We are interested in 2 so consider

|| ==

=mr2h, h = %, & = Y Least material is used when 3 = X so when
’ Tre’ r r 2

h — V. =2ie. when height = diameter.

T m(25)
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